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1. INTRODUCTION 

Functional differential equations, delay differential 

equations, partial differential equations, integral 

equations, integro-differential equations, stochastic 

equations etc. are the resultant of mathematical modeling 

of the real life problems. There are a number of process 

and phenomenon in different areas of science and 

engineering where integro-differential equations plays 

vital role (like in nuclear reactors, circuit analysis, wave 

propagation, glass forming process, nano-hydrodynamics, 

visco-elasticity, biological population etc.).  

Volterra, during his working on population 

growth model, have studied the hereditary influences 

where both the operators (differential and integral) were 

seen to be appearing together in the same equation. This 

new equation was later on known as Volterra integro-

differential equation and given in the form [1-5]  

  ( )   ( )   ∫  (   ) ( )       ( )
 

 

 

where   ( )  is the n
th
 derivative of unknown 

function  ( )  with respect to   . Since equation ( ) 
contains both the operator (differential and integral) so for 

finding the particular solution  ( )  of equation( ), it is 

very necessary to define initial conditions 

 ( )   ( )       (   )( ). 

Volterra integro-differential equation contains 

one or more of the derivatives of unknown function ( ) 

with respect to   i.e.   ( )    ( )     ( )      outside 

the integral sign. Generally Volterra integro-differential 

equations may be appear when an initial value problem 

converted into an integral equation using Leibnitz rule. 

The Aboodh transform of the function  ( ) is 

defined as [6, 8, 9,]: 

 * ( )+  
 

 
∫  ( )      

 

 

 

  ( )               

where   is Aboodh transform operator. 

The Aboodh transform of the function   ( ) 
for      exist if  ( )  is piecewise continuous and of 

exponential order. These conditions are only sufficient 

conditions for the existence of Aboodh transform of the 

function  ( ).  

Aboodh [7] gave the application of new 

transform “Aboodh Transform” to partial differential 

equations. Aboodh et al. [8] discussed the connection of 

Aboodh transform with some famous integral transforms. 

Aboodh et al. [9] solved delay differential equations using 

Aboodh transformation method. Aboodh et al. [10] gave 

the solution of ordinary differential equation with variable 

coefficients using Aboodh transform. Solution of partial 

integro-differential equations by using Aboodh and 

double Aboodh transforms methods was given by Aboodh 

et al [11].  

The aim of this work is to establish exact 

solutions for linear Volterra integro-differential equations 

of second kind using Aboodh transform without large 

computational work. 
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2. LINEARITY PROPERTY OF ABOODH 

TRANSFORMS [8] 

 *  ( )    ( )+    * ( )+    * ( )+ 

where   and   are arbitrary constants.  

3. ABOODH TRANSFORM OF SOME 

ELEMENTARY FUNCTIONS [6, 9]: 

S.N.  ( )  * ( )+   ( ) 

1.    

  
 

2.    

  
 

3.      

  
 

4.          

    
 

5.      

     
 

6.        

 (     )
 

7.        

     
 

8.         

 (     )
 

9.         

     
 

4. ABOODH TRANSFORM OF THE DERIVATIVES 

OF THE FUNCTION ( ) [6, 8]: 

If  * ( )+   ( ) then  

a)  *  ( )+    ( )  
 ( )

 
 

b)  *   ( )+     ( )  
  ( )

 
  ( ) 

c)  { ( )( )}     ( )  
 ( )

     
  ( )

        

 (   )( )

 
 

 

5. CONVOLUTION OF TWO FUNCTIONS [12]: 

Convolution of two functions  ( )  and  ( )  is denoted 

by  ( )   ( ) and it is defined by  

 ( )   ( )      ∫  ( ) (   )  
 

 

 ∫  (   ) ( )  
 

 

 

6. CONVOLUTION THEOREM FOR ABOODH 

TRANSFORMS [8]: 

If  * ( )+   ( ) and  * ( )+   ( ) then  

 * ( )   ( )+    * ( )+ * ( )+    ( ) ( ) 

7. INVERSE ABOODH TRANSFORM: 

If  * ( )+   ( ) then  ( ) is called the inverse 

Aboodh transform of  ( ) and mathematically it is 

defined as 

   ( )     * ( )+ 

where     is the inverse Aboodh transform operator. 

8. INVERSE ABOODH TRANSFORM OF SOME 

ELEMENTARY FUNCTIONS: 

S.N.  ( )  ( )     * ( )+ 
1.  

  
 

  

2.  

  
 

  

3.  

  
 

  

  
 

4.  

    
     

  

  
 

5.  

     
 

    

6.  

 (     )
 

     

 
 

7.  

     
 

      

8.  

 (     )
 

      

 
 

9.  

     
 

       

 

9. ABOODH TRANSFORMS FOR LINEAR 

VOLTERRA INTEGRO-DIFFERENTIAL 

EQUATIONS OF SECOND KIND: 

In this section, we present Aboodh transform for 

solving linear Volterra integro-differential equations of 

second kind given by (1). In this work, we will assume 

that the kernel  (   ) of (1) is a difference kernel that can 

be expressed by difference (   )  The linear Volterra 

integro-differential equation of second kind (1) can thus 

be expressed as  
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  ( )   ( )   ∫  (   ) ( )  
 

 

      ( )       ( )         (   )( )      

}  ( ) 

Applying the Aboodh transform to both sides of( ), we 

have 

   * ( )+  
  

    
 

  

    
    

    

 
 

  * ( )+    *∫  (   ) ( )  +   ( )
 

 

 

Using convolution theorem of Aboodh transform, we 

have  

 * ( )+  
  

  
 

  

  
    

    

    
 

 

  
 * ( )+

 
 

    
 * ( )+ * ( )+   ( ) 

Operating inverse Aboodh transform on both sides of( ), 
we have  

 ( )

                

    

    
    {

 

  
 * ( )+}

     {
 

    
 * ( )+ * ( )+}   ( ) 

which is the required solution of ( ). 

10. APPLICATIONS 

In this section, some applications are given in 

order to demonstrate the effectiveness of Aboodh 

transform for solving linear Volterra integro-differential 

equation of second kind. 

 Application:1 Consider linear Volterra integro-

differential equation of second kind 

  ( )    ∫  ( )  
 

 

      ( )   
}  ( ) 

Applying the Aboodh transform to both sides of ( ) and 

using initial condition, we have 

  * ( )+  
 

 
 

 

  
  {∫  ( )

 

 

  }  ( ) 

Using convolution theorem of Aboodh transform on ( ) 
and simplify, we have  

 * ( )+  
 

    
   ( ) 

Operating inverse Aboodh transform on both sides of( ), 
we have  

 ( )     {
 

    
}      {

 

    
}       (  ) 

which is the required exact solution of ( ). 

Application:2 Consider linear Volterra integro-

differential equation of second kind 

   ( )    ∫ (   ) ( )  
 

 

      ( )      ( )   
}  (  ) 

Applying the Aboodh transform to both sides of (  ) and 

using initial condition, we have 

   * ( )+    
 

  
  {∫ (   )

 

 

 ( )  }  (  ) 

Using convolution theorem of Aboodh transform on (  ) 
and simplify, we have  

 * ( )+  
 

    
   (  ) 

Operating inverse Aboodh transform on both sides 

of(  ), we have  

 ( )     {
 

    
}         (  ) 

which is the required exact solution of (  ). 

Application:3 Consider linear Volterra integro-

differential equation of second kind 

    ( )     ∫  ( )  
 

 

      ( )    ( )       ( )    
}  (  ) 

Applying the Aboodh transform to both sides of (  ) and 

using initial condition, we have 

   * ( )+      
 

 
 

 

  
  {∫  ( )

 

 

  }  (  ) 

Using convolution theorem of Aboodh transform on (  ) 
and simplify, we have  

 * ( )+  
 

    
 

 

 (    )
   (  ) 
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Operating inverse Aboodh transform on both sides 

of(  ), we have  

 ( )     {
 

    
}     {

 

 (    )
}

            (  ) 

which is the required exact solution of (  ). 

Application:4 Consider linear Volterra integro-

differential equation of second kind 

   ( )    ∫ (   ) ( )  
 

 

      ( )      ( )   
}  (  ) 

Applying the Aboodh transform to both sides of (  ) and 

using initial condition, we have 

   * ( )+  
 

 
 

 

  
  {∫ (   )

 

 

 ( )  } (  ) 

Using convolution theorem of Aboodh transform on (  ) 
and simplify, we have  

 * ( )+  
 

 (    )
   (  ) 

Operating inverse Aboodh transform on both sides 

of(  ), we have  

 ( )     {
 

 (    )
}         (  ) 

which is the required exact solution of (  ). 

11. CONCLUSION 

In this paper, we have successfully developed the 

Aboodh transform for solving linear Volterra integro-

differential equation of second kind. The given 

applications show that the exact solution have been 

obtained using very less computational work and 

spending a very little time. The proposed scheme can be 

applied for other linear Volterra integral equations and 

their system. 
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